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DECOMPOSABLE (6, 5)-SOLUTIONS IN ELEVEN-DIMENSIONAL
SUPERGRAVITY
IOANNIS CHRYSIKOS AND ANTON GALAEV
Abstract. This paper presents a series of constructions providing eleven-dimensional bosonic
supergravity backgrounds. In particular, we treat Lorentzian manifolds given in terms of twisted
products of six-dimensional Lorentzian manifolds and five-dimensional Riemannian manifolds. By
considering a representative flux 4-form adapted to this setting, we analyse the system of bosonic
supergravity equations and describe the corresponding geometric constraints. The new supergravity
backgrounds appear for special cases associated to the adapted flux 4-form. For example, we provide
a relation of eleven-dimensional supergravity with Ricci-isotropic Walker manifolds, and illustrate
several results in their terms and in terms of Ricci-flat Riemannian manifolds.
Introduction
The current leading framework for a quantum theory of gravity is sypersymmetric string theory,
in particular the five well-established and self-consistent ten-dimensional superstring theories. Due
to the discovery of string dualities, these five distinct theories are now recognized to be different
manifestations of a single underlying superstring theory in eleven dimensions, see for example
[Gr91]. This is the so-called M-theory, whose core idea is that under certain assumptions about
the geometry of the underlying spacetime, all the existing superstring theories are “equivalent” (in
terms of T-duality or other kinds of dualities), see [DNP86, Wi95, GSW12, T14] for more details
and references.
Nowadays, both ten-dimensional supergravity theories and their unique eleven-dimensional ana-
logue, have been established as the low-energy effective theories of string theories and in particular
of M-theory. As low-energy effective field theories, most supersymmetric supergravity theories
supply us with a suitable framework for studying and understanding string theory. For exam-
ple, all supergravity actions consist both of bosonic and fermionic fields. The fermionic data
is related with matter degrees of freedom, while the supersymmetries transformations relate the
bosonic and fermionic fields each other. A primary goal is always to understand the solution
spaces of consistent backgrounds. On the other hand, the supersymmetries for a given bosonic
supergravity background are determined via a generalized Killing spinor equation. The spinorial
solutions of this equation, the corresponding Killing superalgebras and the holonomy of the asso-
ciated supercovariant derivative, are concepts playing a dynamic role towards to a classification of
supersymmetric backgrounds. Hence, nowadays there is a wide class of well-established solutions,
as branes, monopoles, special kinds of Lorentzian manifolds or metrics of special holonomy (see for
example [PT95, F00, F01, FP03]). However, in general the classification of (bosonic) supergravity
backgrounds lacks of a systematic investigation, and most known results are based for instance on
trivial flux forms, or on flux forms related with G-structures or other special constructions (see
[PT95, F00, BDS02, Me02, HM05, F07, F13] and the references therein). In particular, the full
classification of all supergravity backgrounds is a hard open problem.
Here, we consider eleven-dimensional supergravity (11d-supergravity for short), where the set
of bosonic fields consists of a Lorentzian metric h and the flux form F, i.e. a 4-form gauge field
F ∈ Ω4(X), globally defined on an eleven-dimensional spacetime X1,10, and satisfying the following
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field equations (cf. [CJS78, F01, ACT19])
dF = 0 ,
d ⋆F =
1
2
F ∧ F ,
Rich(X,Y ) = −
1
2
〈XyF, Y yF〉h +
1
6
h(X,Y )‖F‖2h .
The second equation is the Maxwell equation while the third one is the so-called supergravity Ein-
stein equation. Triples (X1,10, h,F) solving this system of equations are called bosonic supergravity
backgrounds. 11d-supergravity was introduced in [CJS78] and we refer to [F01, FP03, F07] for
further details. In this work, motivated by the previous remark, we provide a methodological
description of the bosonic supergravity field equations on eleven-dimensional Lorentzian mani-
folds, which are warped products of five-dimensional Riemannian manifolds and six-dimensional
Lorentzian manifolds, i.e.
X =M5 ×f M˜
1,5 , h = g + f2g˜ ,
for some non-trivial smooth function f : M → R. The tangent space V = TxX of X
1,10 at a point
x = (p, q) ∈ X decomposes into a direct sum of the five-dimensional (Euclidean) tangent space
E = TpM of M and the six-dimensional (Minkowski) tangent space L = TqM˜ of M˜ ,
V 1,10 = E5 ⊕ L1,5 .
Adapted to this splitting, there is an orthogonal decomposition of the space Ω4(X) of 4-forms on
X, which in the linear setting is given by
Λ4V = Λ4R1,10 = Λ4L
⊕
(Λ3L ∧ Λ1E)
⊕
(Λ2L ∧ Λ2E)
⊕
(Λ1L ∧ Λ3E)
⊕
Λ4E .
Based on this decomposition, we consider 4-forms of the type
F := α˜+ β˜ ∧ ν + γ˜ ∧ δ + ˜̟ ∧ ǫ+ θ ,
where α˜ ∈ Ω4(M˜ ), β˜ ∈ Ω3(M˜), γ˜ ∈ Ω2(M˜), ˜̟ ∈ Ω1(M˜), ν ∈ Ω1(M), δ ∈ Ω2(M), ǫ ∈ Ω3(M),
and θ ∈ Ω4(M). Such 4-forms are not the most general 4-forms on X1,10 (even if each factor is
multiplied by a smooth function). However, we will show that F serves as a nice representative
which induces several cases providing bosonic supergravity backgrounds.
Indeed, based on F we describe the constraints which appear due to the closedness condition, the
Maxwell equation and the supergravity Einstein equation. As we expected, in the general case the
induced system is very complicated and not so meaningful, see for example Proposition 2.3 for the
Maxwell equation and Propositions 3.4, 3.5 for the supergravity Einstein equation. With aim to
overcome this difficulty and obtain a more tractable version, it is natural to treat the several special
cases which are induced by the flux form F. Then, the constraints which occur by the Maxwell
equation in combination with the closedness condition are simplified (see Proposition 2.5), and the
same applies for the supergravity Einstein field equation (see Corollaries 3.6-3.12).
This procedure finally leads to the description of several new decomposable, non-symmetric,
bosonic supergravity backgrounds. In fact, initially, we present general solutions given by untwisted
products of five-dimensional Ricci-flat Riemannian manifolds and six-dimensional Lorentzian man-
ifolds, which satisfy some extra geometric conditions, e.g. their Ricci tensor verifies a generalized
Einstein equation given in terms of a stress-energy tensor associated to a non-trivial null 3- or
4-form, or a parallel null 1-form (see Theorems 4.3, 4.7, 4.10 and see also Theorem 4.14 for a more
complicated case). When the flux form is related to a parallel null 1-form we show in addition
that the bosonic supergravity background (X1,10, h) must be totally Ricci isotropic. Recall that
a semi-Riemannian manifold (X, h) is called totally Ricci isotropic, if the image of the Ricci en-
domorphism rich : TX → TX is made up of isotropic vector fields. Such geometric structures are
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very important in holonomy theory of Lorentzian manifolds (cf. [L07, GL08, G10]) and they yield
relevant applications in supergravity theory too (see also [F00]).
In order to illustrate our general statements and provide a suitable theoretical framework induc-
ing explicit bosonic solutions of 11d-supergravity, a key challenge is the use of special classes of
(Lorentzian) Walker manifolds, in particular Ricci-isotropic Walker manifolds. Walker manifolds
are pseudo-Riemannian manifolds admitting a parallel null distribution and they serve as a powerful
tool of constructing interesting indefinite metrics which exhibit various geometric aspects. Hence
they play a distinguished role both in geometry and physics, see [BGNV09] for several examples
and see also [GP08, GL08, G10, G14] for a contribution of such manifolds in Lorerntzian holonomy
theory and Einstein theory.
Here we focus on Ricci-isotropic Walker manifolds, where the notation refers to the property
that the image of the Ricci endomorphism related to the Walker metric is totally null. Particular
examples of such manifolds are the pp-waves, which can be also viewed as Brinkman spaces. As
manifolds for which the Einstein field equations are linear, pp-waves induce a wealth of strong
applications in general relativity. On the other hand, as manifolds admitting a large number
of parallel spinors, pp-waves also contribute in holonomy theory and in supersymmetric string
and supergravity theories. For example, the type IIB string theory along pp-wave backgrounds,
reduces to free massive theory in the light-cone gauge and becomes exact solvable, see [Mt02].
11d-supergravity also admits pp-wave solutions [K84, H84, GH02], which provide simple but non-
trivial backgrounds for studying the AdS/CFT correspondence and maximal supersymmetry (see
[H84, FP01, BFHP01, GH02, BMN02, CLP02, Ba02, KL04, F07, L07, GL08] for more details in
all these directions).
Our strategy to get benefit of Ricci-isotropic Walker manifolds is based on using mixed flux
forms, given in terms of their local coordinates in six dimensions and the local coordinates of
some Ricci-flat five-dimensional Riemannian manifold. We should mention that flux forms induced
by pp-waves have been applied to several supergravity theories, e.g. five-dimensional pp-wave
solutions with unbroken supersymmetry, chiral six-dimensional supergravity theories of type (1,0)
and (2,0) [F07, CFS03, Me02], or 11d-supergravity [F00, BFHP01, CLP02, FMP05]. However, our
results are illustrated in terms of more general Ricci-isotropic Walker metrics than pp-wave metrics
(see Corollaries 4.4, 4.8, 4.12, Remark 4.6 and Proposition 4.16). Moreover, the stated bosonic
supergravity backgrounds are non-symmetric (compare with [F13]). At this point we conjecture
that, to the given constructions, different approaches could be applied (adapted for example to
generic Walker metrics, or to the stated results for warped metrics).
Regarding the Riemannian part of the given decomposable backgrounds, the supergravity Ein-
stein equation establishes a link with manifolds of special holonomy. In particular, at least for the
direct product construction and by considering null forms for the Lorentzian part, we show that
the supergravity Einstein equation yields the constraint of Ricci-flatness for (M5, g). Consequently,
and as we pronounced above, the stated decomposable solutions are also based on five-dimensional
Ricci-flat manifolds, given for instance in terms of products of a Ricci-flat Ka¨hler manifold with
the real line (see for example Corollaries 4.4, 4.8, 4.12 and Proposition 4.16).
The structure of the paper is given as follows. In the first section we set up our notation,
relevant to our subsequent computations. In the second section we fix warped products of the
form M5 ×f M˜
1,5 and describe the system of constraints, induced by the closedness condition and
Maxwell equation simultaneously, always with respect to the adapted 4-form F. The supergravity
Einstein equation is discussed in the third section, where we also analyse the special cases induced
by F. The fourth section contains the explicit solutions and it is characterized by a potpourri of
constructions and examples, mainly related with Ricci-isotropic Walker metrics and null forms. In
the final section we include a few constructions, adapted to the interesting case where the flux form
F depends only on the Riemannian factor, and we pose some open problems.
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Since we present new bosonic non-symmetric supergravity backgrounds, it worths to analyse the
corresponding spinoral equation and determine the corresponding supersymmetries, if any. Results
in this direction will be presented in a forthcoming work.
1. Preliminaries
1.1. Conventions. Let (X, h) be a n-dimensional pseudo-Riemannian manifold of signature (r, s).
As a matter of terminology, in this paper a Riemannian manifold is assumed to have signature
(0, s), which means that h is a negative definite metric. Then, a unit vector X on a Riemannian
manifold satisfies h(X,X) = −1. Also, we consider Lorentzian manifolds as pesudo-Riemannian
manifolds with signature (1, n − 1) (“mostly minus”). A vector Y is then time-like if h(Y, Y ) > 0,
null if h(Y, Y ) = 0 and spacelike if h(Y, Y ) < 0.
We shall denote by 〈 , 〉h the inner product induced by h on the space of differential forms. For
α, β ∈ Ωp(X), it is given by
〈α, β〉h =
1
p!
∑
µ1,...,µp
ν1,...,νp
αµ1...µpβν1...νph
µ1ν1 · · · hµpνp ,
and then we may set h(α, β) = p!〈α, β〉h. The Hodge-star ⋆ : Ω
p(X) → Ωn−p(X) is defined by
α ∧ ⋆β = 〈α, β〉hvolX, where volX denotes the volume form of (X, h).
1.2. Warped products. Let (M˜, g˜) and (M,g) be pseudo-Riemannian manifolds of dimensions
p, q, and let s˜, s be the number of negative eigenvalues of g˜, g, respectively. Given a non-vanishing
smooth function f ∈ C∞(M), the warped product X = M ×f M˜ is the product manifold M × M˜
equipped with the pseudo-Riemannian metric h = g + f2g˜. Usually, M is called the base, M˜ the
fiber and f the warping function. The volume form of (X, h) satisfies volX = f
p vol
M˜
∧ volM .
Next we shall denote by ⋆, ∗˜, ∗ the Hodge star operator on (X, h), (M˜, g˜), and (M,g), respectively.
Some useful properties of 〈 , 〉h and ⋆ are given as follows (a proof is direct, see also [ACT19,
Lem. 2.1] for f = 1).
Lemma 1.1. Let α˜ ∈ Ωk˜(M˜), β ∈ Ωk(M). Then
〈α˜ ∧ β, α˜ ∧ β〉h = f
−2k˜〈α˜, α˜〉g˜〈β, β〉g , ⋆(α˜ ∧ β) = (−1)
k(p−k˜)fp−2k˜ ∗˜α˜ ∧ ∗β .
2. The Maxwell equation on warped products
2.1. Warped products of the form X = M5 ×f M˜
1,5. In the remainder of this section we will
study warped products of the form (X1,10 = M5 ×f M˜
1,5, h = g + f2g˜), where (M˜1,5, g˜) is an
six-dimensional oriented Lorentzian manifold, (M5, g) is a five-dimensional oriented Riemannian
manifold and f ∈ C∞(M5). X1,10 is oriented, with volume form given by volX = f
6 volM ∧ volM˜ .
We are interested in closed 4-forms F ∈ Ω4cl(X
1,10) on X1,10. The tangent space V := TxX of X
1,10
at a point x = (p, q) ∈ X decomposes as V ≃ R1,10 = E5 ⊕ L1,5, and then motivated by the
decomposition of Λ4V described in introduction, we consider 4-forms of the type
F = α˜+ β˜ ∧ ν + γ˜ ∧ δ + ˜̟ ∧ ǫ+ θ , (2.1)
where α˜ ∈ Ω4(M˜ ), β˜ ∈ Ω3(M˜), γ˜ ∈ Ω2(M˜), ˜̟ ∈ Ω1(M˜), and ν ∈ Ω1(M), δ ∈ Ω2(M), ǫ ∈ Ω3(M),
θ ∈ Ω4(M), respectively. In these terms it is easy to see that
Lemma 2.1. The closedness of the 4-form F defined by (2.1) is equivalent to the following system
of equations
dα˜ = dθ = dβ˜ = dǫ = 0 , dγ˜ ∧ δ − β˜ ∧ dν = 0 , γ˜ ∧ dδ + d ˜̟ ∧ ǫ = 0 .
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About the Maxwell equation, we apply Lemma 1.1 to obtain that
Lemma 2.2. The 4-form F defined by (2.1) satisfies
1
2
F ∧ F = α˜ ∧ γ˜ ∧ δ + α˜ ∧ ˜̟ ∧ ǫ+ β˜ ∧ γ˜ ∧ δ ∧ ν + α˜ ∧ θ + β˜ ∧ ˜̟ ∧ ǫ ∧ ν
+
1
2
γ˜ ∧ γ˜ ∧ δ ∧ δ + β˜ ∧ θ ∧ ν + γ˜ ∧ ˜̟ ∧ ǫ ∧ δ .
Moreover, ⋆F = f−2∗˜α˜ ∧ volM − ∗˜β˜ ∧ ∗ν + f
2∗˜γ˜ ∧ ∗δ − f4∗˜ ˜̟ ∧ ∗ǫ+ f6 ∗ θ ∧ vol
M˜
and hence
d ⋆ F =
1
f2
d∗˜α˜ ∧ volM + ∗˜β˜ ∧ d ∗ ν + 2∗˜γ˜ ∧ fdf ∧ ∗δ + ∗˜γ˜ ∧ f
2d ∗ δ − d∗˜β˜ ∧ ∗ν
+d∗˜γ˜ ∧ f2 ∗ δ + f4∗˜ ˜̟ ∧ d ∗ ǫ+ ∗˜ ˜̟ ∧ 4f3df ∧ ∗ǫ
+vol
M˜
∧ (6f5df ∧ ∗θ + f6d ∗ θ)− d∗˜ ˜̟ ∧ f4 ∗ ǫ .
Thus, by choosing in 12F ∧ F and d ⋆ F the terms of the same type, we deduce that
Proposition 2.3. On the Lorentzian manifold (X1,10 =M5×f M˜
6, h = g+f2g˜) and for the 4-form
F given by (2.1), the Maxwell equation is equivalent to the following system of equations:
1
f2
d∗˜α˜ ∧ volM + ∗˜β˜ ∧ d ∗ ν = β˜ ∧ θ ∧ ν + γ˜ ∧ ˜̟ ∧ ǫ ∧ δ ,
2∗˜γ˜ ∧ fdf ∧ ∗δ + ∗˜γ˜ ∧ f2d ∗ δ − d ∗˜β˜ ∧ ∗ν = α˜ ∧ θ + β˜ ∧ ˜̟ ∧ ǫ ∧ ν +
1
2
γ˜ ∧ γ˜ ∧ δ ∧ δ ,
d∗˜γ˜ ∧ f2 ∗ δ + f4∗˜ ˜̟ ∧ d ∗ ǫ+ ∗˜ ˜̟ ∧ 4f3df ∧ ∗ǫ = α˜ ∧ ˜̟ ∧ ǫ+ β˜ ∧ γ˜ ∧ δ ∧ ν ,
vol
M˜
∧ (6f5df ∧ ∗θ + f6d ∗ θ)− d∗˜ ˜̟ ∧ f4 ∗ ǫ = α˜ ∧ γ˜ ∧ δ .
2.2. Special cases. The system of equations given by Lemma 2.1 and Proposition 2.3 is in general
not tractable. It becomes more meaningful when one considers simplifications of the flux form F.
Below we list the most interesting cases induced by F and describe the system which generates the
closedness condition, together with the Maxwell equation.
Example 2.4. Assume that F = α˜+ β˜ ∧ ν + ˜̟ ∧ ǫ+ θ. This case is still very complicated. For the
record, notice by Lemma 2.1 the equation dF = 0 imposes the closure of all the forms which take
part in the definition of F. Also, by Proposition 2.3 and by comparing the corresponding types of
differential forms, we see that the Maxwell equations reads by
(3˜, 5) ⇒
1
f2
d∗˜α˜ ∧ volM + ∗˜β˜ ∧ d ∗̟ = β˜ ∧̟ ∧ θ ,
(4˜, 4) ⇒ − d∗˜β˜ ∧ ∗̟ = α˜ ∧ θ − β˜ ∧ ˜̟ ∧ ν ∧ ǫ ,
(5˜, 3) ⇒ ∗˜ ˜̟ ∧ d
(
f4 ∗ ǫ
)
= α˜ ∧ ˜̟ ∧ ∗ǫ ,
(6˜, 2) ⇒ vol
M˜
∧ d(f6 ∗ θ)− f4d∗˜ ˜̟ ∧ ∗ǫ = 0 .
Proposition 2.5. Consider the Lorentzian manifold (X1,10 =M5 ×f M˜
6, h = g + f2g˜). Then
(1) The 4-form F ∈ Ω4(X) defined by
F = α˜ (2.2)
satisfies the Maxwell equation and the closedness condition if and only if
dα˜ = d∗˜α˜ = 0 .
(2) The 4-form F ∈ Ω4(X) defined by
F = β˜ ∧ ν (2.3)
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satisfies the Maxwell equation and the closedness condition if and only if
dβ˜ = d∗˜β˜ = 0 , dν = d ∗ ν = 0 .
(3) The 4-form F ∈ Ω4(X) defined by
F = γ˜ ∧ δ (2.4)
satisfies the Maxwell equation and the closedness condition if and only if
dγ˜ = d∗˜γ˜ = 0 , ∗˜γ˜ ∧ d(f2 ∗ δ) =
γ˜ ∧ γ˜ ∧ δ ∧ δ
2
.
The 2nd condition is equivalent to ∗˜γ˜ = c γ˜ ∧ γ˜ and d(f2 ∗ δ) = δ∧δ2 c , for some non-zero constant c.
(4) The 4-form F ∈ Ω4(X) defined by
F = ˜̟ ∧ ǫ (2.5)
satisfies the Maxwell equation and the closedness condition if and only if
d ˜̟ = d∗˜ ˜̟ = 0 , dǫ = d(f4 ∗ ǫ) = 0 .
(5) The 4-form F ∈ Ω4(X) defined by
F = θ (2.6)
satisfies the Maxwell equation and the closedness condition if and only if
dθ = d(f6 ∗ θ) = 0 .
(6) The 4-form F ∈ Ω4(X) defined by
F = α˜+ β˜ ∧ ν (2.7)
satisfies the Maxwell equation and the closedness condition if and only if
dα˜ = dβ˜ = dν = d∗˜β˜ = 0 , d ∗ ν =
c
f2
volM , ∗˜β˜ = −
1
c
d∗˜α˜
for some non-zero constant c.
(7) The 4-form F ∈ Ω4(X) defined by
F = ˜̟ ∧ ǫ+ θ (2.8)
satisfies the Maxwell equation and the closedness condition if and only if
dθ = dǫ = d ˜̟ = d(f4 ∗ ǫ) = 0 , d∗˜ ˜̟ = c vol
M˜
, ∗ǫ =
1
c
d(f6 ∗ θ) ,
for some non-zero constant c.
(8) The 4-form F ∈ Ω4(X) defined by
F = α˜+ θ (2.9)
satisfies the Maxwell equation and the closedness condition if and only if either α˜ = 0 or θ = 0, and
moreover θ, (respectively α˜) satisfies the conditions described in case (5) (respectively, case (1)).
(9) The examination of the 4-form F ∈ Ω4(X) defined by
F = β˜ ∧ ν + ˜̟ ∧ ǫ (2.10)
reduces to the case F = ˜̟ ∧ ǫ, i.e. ν = 0.
Proof. When F = α˜ + θ we get the relation α˜ ∧ θ = 0, which yields our claim for this particular
case. Also, regarding the case where F is defined by (2.10), we obtain the condition ∗ν = ν ∧ ǫ,
hence ν = 0. 
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3. The supergravity Einstein equation on warped products
Consider the Lorentzian manifold (X1,10 = M5 ×f M˜
6, h = g + f2g˜). In this section we analyse
the supergravity Einstein equation, i.e.
Rich(X,Y ) = −
1
2
〈iXF, iY F〉h +
1
6
h(X,Y )‖F‖2h , (3.1)
for any vector field X,Y ∈ X(X). It is useful to recall the Ricci tensor of warped products. But
first, based on Lemma 1.1 let us present the square norm ‖F‖2h of F with respect to the metric h.
Lemma 3.1. Let F be the 4-form on X1,10 =M5 ×f M˜
6 defined by (2.1). Then, the square of the
norm of F with respect to the warped metric h equals to
‖F‖2h =
‖α˜‖2g˜
f8
+
‖β˜‖2g˜‖ν‖
2
g
f6
+
‖γ˜‖2g˜‖δ‖
2
g
f4
+
‖ ˜̟ ‖2g˜‖ǫ‖
2
g
f2
+ ‖θ‖2g . (3.2)
Consider a warped manifold (X = M ×f M˜, h = g + f
2g˜), for some non-vanishing function
f ∈ C∞(M). The projection π : (X, h) → (M,g) onto M becomes a semi-Riemannian submersion
having integrable horizontal distribution and the manifold (M˜ , f2(p)g˜) as fibre over p ∈M .
Proposition 3.2. ([O83, p. 211]) On a warped product (X = M ×f M˜ , h) with dim(M˜) > 1 the
Ricci tensors Rich,Ricg,Ricg˜ of (X, h), (M,g) and (M˜ , g˜), respectively, are related by
Rich(X,Y ) = Ricg(X,Y )−
dimR M˜
f
Hf (X,Y ) , Rich(X˜, Y˜ ) = Ricg˜(X˜, Y˜ )− h(X˜, Y˜ )fˆ ,
and Rich(X, Y˜ ) = 0, for any X,Y ∈ X(M), X˜, Y˜ ∈ X(M˜ ). Here, Hf is the Hessian of f ∈ C∞(M)
and
fˆ :=
∆hf
f
+
(
dimR M˜ − 1
) h(gradf, gradf)
f2
.
Of course, there is no ambiguity regarding which metric one uses to compute Hf or grad(f), as
f ∈ C∞(M) and h|M = g .
3.1. HV-part of the supergravity Einstein equation. We begin with the mixed part of
the Einstein supergravity equation. In particular, for any X ∈ X(M) and Y = Z˜ ∈ X(M˜ ) by
Proposition 3.2 we deduce that the equation (3.1) reduces to 〈iXF, iZ˜F〉h = 0, or equivalently to
h(iXF, iZ˜F) = 0, which is expressed by
0 = −g(X, ν)h(β˜, iZ˜ α˜) + h(γ˜, iZ˜ β˜)g(iXδ, ν)− h( ˜̟ , iZ˜ γ˜)g(iXǫ, δ) + h(Z˜, ˜̟ )g(iXθ, ǫ) ,
where for simplicity we maintain the same notation for the 1-form ν and its dual vector field ν♯
defined by ν(X) = g(X, ν♯). This finally reduces to
g(X, ν)g˜(β˜, iZ˜ α˜) + g˜( ˜̟ , iZ˜ γ˜)g(iXǫ, δ) = g˜(γ˜, iZ˜ β˜)g(iXδ, ν) + g˜(Z˜, ˜̟ )g(iXθ, ǫ) . (3.3)
We shall call this condition as the HV-part of the supergravity Einstein equation.
Remark 3.3. Regardless of whether ˜̟ is time-like, null or space-like, for the special cases (2.2) –
(2.6) described in Proposition 2.5 it is easy to see that the HV-part of the supergravity Einstein
equations is trivially satisfied. In the remaining cases, we get the following constraints as direct
consequences of (3.3),
F = α˜+ β˜ ∧ ν ⇒ g˜(β˜, iZ˜ α˜) = 0, ∀ Z˜ ∈ X(M˜ ) ,
F = ˜̟ ∧ ǫ+ θ ⇒ g(iXθ, ǫ) = 0, ∀ X ∈ X(M) ,
F = α˜+ β˜ ∧ ν + ˜̟ ∧ ǫ+ θ ⇒ g(iXθ, ǫ) = 0 = g˜(β˜, iZ˜ α˜) , ∀ X ∈ X(M) , Z˜ ∈ X(M˜) .
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3.2. HH-part of the supergravity Einstein equation. We examine now the restriction of the
supergravity Einstein equation (3.1) on the Riemannian component (M5, g) of the warped product
X1,10 = M5 ×f M˜
1,5. We call this restriction the HH-part of the supergravity Einstein equation.
For any X,Y ∈ X(M) we have iXF = −β˜ν(X) + γ˜ ∧ iXδ − ˜̟ ∧ iXǫ+ iXθ, and hence
〈iXF, iY F〉h =
1
f6
ν(X)ν(Y )‖β˜‖2g˜ +
1
f4
〈iXδ, iY δ〉g‖γ˜‖
2
g˜ +
1
f2
〈iXǫ, iY ǫ〉g‖ ˜̟ ‖
2
g˜ + 〈iXθ, iY θ〉g . (3.4)
Thus, a combination of Proposition 3.2 and relations (3.2), (3.1) and (3.4) gives that
Proposition 3.4. For any X,Y ∈ X(M) the supergravity equation (3.1) reduces to
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
1
6
{‖α˜‖2g˜
f8
g(X,Y ) +
‖β˜‖2g˜
f6
(
‖ν‖2gg(X,Y )− 3ν(X)ν(Y )
)
+
‖γ˜‖2g˜
f4
(
‖δ‖2gg(X,Y )− 3〈iXδ, iY δ〉g
)
+
‖ ˜̟ ‖2g˜
f2
(
‖ǫ‖2gg(X,Y )− 3〈iXǫ, iY ǫ〉g
)
+ ‖θ‖2gg(X,Y )− 3〈iXθ, iY θ〉g
}
.
3.3. VV-part of the supergravity Einstein equation. Let us restrict now the supergravity
Einstein equation (3.1) on the Lorentzian part (M˜1,5, f2g˜) of (X1,10, h = g + f2g˜). We shall refer
to this restriction by the term VV-part of the supergravity Einstein equation. In this case, for any
X˜, Y˜ ∈ X(M˜ ) we compute iX˜F = iX˜ α˜+ iX˜ β˜ ∧ ν + iX˜ γ˜ ∧ δ + ˜̟ (X˜)ǫ, and hence
〈iX˜F, iY˜ F〉h =
1
f6
〈iX˜ α˜, iY˜ α˜〉g˜ +
1
f4
〈iX˜ β˜, iY˜ β˜〉g˜‖ν‖
2
g +
1
f2
〈iX˜ γ˜, iY˜ γ˜〉g˜‖δ‖
2
g + ˜̟ (X˜) ˜̟ (Y˜ )‖ǫ‖
2
g . (3.5)
Since h|
M˜
= f2 g˜, by Proposition 3.2 and relations (3.2), (3.1) and (3.5) one concludes that
Proposition 3.5. For any X˜, Y˜ ∈ X(M˜ ) the supergravity Einstein equation (3.1) reduces to
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
f2
6
{ 1
f8
(
‖α˜‖2g˜g˜(X˜, Y˜ )− 3〈iX˜ α˜, iY˜ α˜〉g˜
)
+
‖ν‖2g
f6
(
‖β˜‖2g˜ g˜(X˜, Y˜ )− 3〈iX˜ β˜, iY˜ β˜〉g˜
)
+
‖δ˜‖2g
f4
(
‖γ˜‖2g˜g˜(X˜, Y˜ )− 3〈iX˜ γ˜, iY˜ γ˜〉g˜
)
+
‖ǫ‖2g
f2
(
‖ ˜̟ ‖2g˜g˜(X˜, Y˜ )− 3 ˜̟ (X˜) ˜̟ (Y˜ )
)
+ ‖θ‖2gg˜(X˜, Y˜ )
}
.
3.4. Special cases. Let us now present the supergravity Einstein equation for the special cases
indicated in Proposition 2.5. All the conclusions are based on Propositions 3.4 and 3.5, and also
on the constraints appearing (if any) of the HV-part of the supergravity Einstein equation.
Case (2.2) Assume that F = α˜, for some non-trivial 4-form α˜ ∈ Ω4(M˜).
Corollary 3.6. When the 4-form F is given by F = α˜, then the supergravity Einstein equation
(3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖α˜‖2g˜
6f8
g(X,Y ) ,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
1
6f6
(
‖α˜‖2g˜ g˜(X˜, Y˜ )− 3〈iX˜ α˜, iY˜ α˜〉g˜
)
,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.3) Assume that F = β˜ ∧ ν for some non-trivial 3-form β˜ ∈ Ω3(M˜) and non-trivial 1-form
ν ∈ Ω1(M).
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Corollary 3.7. When the 4- form F is given by F = β˜ ∧ ν, then the supergravity Einstein equation
(3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖β˜‖2g˜
6f6
(
‖ν‖2gg(X,Y )− 3ν(X)ν(Y )
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
‖ν‖2g
6f4
(
‖β˜‖2g˜g˜(X˜, Y˜ )− 3〈iX˜ β˜, iY˜ β˜〉g˜
)
,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.4) Assume that F = γ˜ ∧ δ for some non-trivial γ˜ ∈ Ω2(M˜ ) and δ ∈ Ω2(M).
Corollary 3.8. When the 4-form F is given by F = γ˜ ∧ δ, then the supergravity Einstein equation
(3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖γ˜‖2g˜
6f4
(
‖δ‖2gg(X,Y )− 3〈iXδ, iY δ〉g
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
‖δ˜‖2g
6f2
(
‖γ˜‖2g˜ g˜(X˜, Y˜ )− 3〈iX˜ γ˜, iY˜ γ˜〉g˜
)
,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.5) Assume that F = ˜̟ ∧ ǫ for some non-trivial ˜̟ ∈ Ω1(M˜ ) and ǫ ∈ Ω3(M).
Corollary 3.9. When the 4-form F is given by F = ˜̟ ∧ ǫ, then the supergravity Einstein equation
(3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖ ˜̟ ‖2g˜
6f2
(
‖ǫ‖2gg(X,Y )− 3〈iXǫ, iY ǫ〉g
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
‖ǫ‖2g
6
(
‖ ˜̟ ‖2g˜g˜(X˜, Y˜ )− 3 ˜̟ (X˜) ˜̟ (Y˜ )
)
,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.6) Assume that F = θ for some non-trivial θ ∈ Ω4(M).
Corollary 3.10. When the 4-form F is given by F = θ, then the supergravity Einstein equation
(3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
1
6
(
‖θ‖2gg(X,Y )− 3〈iXθ, iY θ〉g
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
f2
6
‖θ‖2gg˜(X˜, Y˜ ) =
(
f2f ♯ +
f2
6
‖θ‖2g
)
g˜(X˜, Y˜ ) ,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.7) Assume now that F = α˜+ β˜ ∧ ν for some α˜ ∈ Ω4(M˜ ), β˜ ∈ Ω3(M˜) and ν ∈ Ω1(M).
Corollary 3.11. When the 4-form F is given by F = α˜ + β˜ ∧ ν, then the supergravity Einstein
equation (3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖α˜‖2g˜
6f8
g(X,Y ) +
‖β˜‖2g˜
6f6
(
‖ν‖2gg(X,Y )− 3ν(X)ν(Y )
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
1
6f6
(
‖α˜‖2g˜g˜(X˜, Y˜ )− 3〈iX˜ α˜, iY˜ α˜〉g˜
)
+
‖ν‖2g
6f4
(
‖β˜‖2g˜ g˜(X˜, Y˜ )− 3〈iX˜ β˜, iY˜ β˜〉g˜
)
,
g˜(iX˜ α˜, β˜) = 0 ,
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for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
Case (2.8) Assume that F = ˜̟ ∧ ǫ+ θ for some ˜̟ ∈ Ω1(M˜), and ǫ ∈ Ω3(M), θ ∈ Ω4(M).
Corollary 3.12. When the 4-form F is given by F = ˜̟ ∧ ǫ + θ, then the supergravity Einstein
equation (3.1) is equivalent to the following system of equations
Ricg(X,Y ) =
6
f
Hf (X,Y ) +
‖ ˜̟ ‖2g˜
6f2
(
‖ǫ‖2gg(X,Y )− 3〈iXǫ, iY ǫ〉g
)
+
1
6
(
‖θ‖2gg(X,Y )− 3〈iXθ, iY θ〉g
)
,
Ricg˜(X˜, Y˜ ) = f2g˜(X˜, Y˜ )fˆ +
‖ǫ‖2g
6
(
‖ ˜̟ ‖2g˜ g˜(X˜, Y˜ )− 3 ˜̟ (X˜) ˜̟ (Y˜ )
)
+
f2
6
‖θ‖2gg˜(X˜, Y˜ ) ,
g(iXθ, ǫ) = 0 ,
for any X,Y ∈ X(M) and X˜, Y˜ ∈ X(M˜).
4. Examples of supergravity backgrounds
In this section we present solutions of the bosonic supergravity equations on the Lorentzian
manifold (X1,10 = M5 ×f M˜
1,5, h = g + f2g˜) for particular choices of the flux form F, where in
general F is given by (2.1). It turns out that a suitable Ansatz in order to simplify the whole
problem and provide decomposable supergravity backgrounds, is related to direct products (f = 1)
and null forms. In this way we provide some new supergravity backgrounds, which most of them
are illustrated in terms of Ricci-isotropic Walker metrics and in particular pp-waves. However, we
conjecture that different explicit bosonic solutions may exist, in terms for example of more general
Walker metrics or warped metrics, and the underlying constraints for these directions must be
established with respect to the equations presented in Proposition 2.5 and Section 3.4. For the
Riemannian part, and at least for the direct product construction and based on null forms for the
Lorentzian part, it turns out that the supergravity Einstein equation implies the corresponding
Ricci flatness. Thus, our solutions depend also on Ricci-flat manifolds.
4.1. Ricci-isotropic Walker manifolds and pp-waves. For our constructions, it is useful to
refresh basic properties of Lorentzian Walker manifolds (see also [GP08, GL08, G14, L07]).
Consider a simply-connected Lorentzian manifold (X1,n+1, h) and identify the tangent space
TxX
1,n+1 with the Minkowski space R1,n+1. Since X1,n+1 is simply-connected, the holonomy group
Holx(h) is determined by the holonomy algebra g ⊆ so(1, n+1). X is locally indecomposable if g does
not preserve any proper, non-degenerate subspace of TxX
1,n+1 ([Wu64]), i.e. g is a so-called weakly
irreducible holonomy algebra . In this case, X is not locally the product of some pseudo-Riemannian
manifolds. If g is not equal to so(1, n + 1), i.e. g is weak irreducible but not irreducible, then g
preserves a degenerate subspace U ⊂ R1,n+1 and also the isotropic line ℓ := U ∩ U⊥ ⊂ R1,n+1. It
follows that X admits a parallel distribution of isotropic lines. It is well-known that such manifolds
admit local coordinates (v, x1, . . . , xn, u) such that
h = 2dvdu+ ρ+ 2Adu+H(du)2 ,
where ρ = ρij(x
1, . . . , xn, u)dxidxj is a family of Riemannian metrics, A = Ai(x
1, . . . , xn, u)dxi is
1-form independent of v andH = H(v, x1, . . . , xn, u) is a local function on X. Such local coordinates
are referred to as Walker coordinates, due to [Wa50] and the ambient space X can be assumed to be
locally diffeomorphic to R×N ×R, for some family of Riemannian manifolds (Nn, ρ). The parallel
distribution of isotropic lines ℓ is defined by the vector field ∂v := ∂/∂v.
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Equivalently, such Lorentzian manifolds are characterized by the fact that their holonomy algebra
g is contained in the maximal subalgebra sim(n) ⊂ so(1, n + 1) of so(1, n + 1) preserving Rℓ, i.e.
g ⊂ sim(n) =



a Xt 00 A −X
0 0 −a

 : a ∈ R,X ∈ Rn, A ∈ so(n)

 ≃ (R⊕ so(n))⋉Rn .
Next we shall focus on Lorentzian Walker manifolds satisfying the following assumptions:
(1) ∂vH = 0 (and hence ∇
h∂v = 0);
(2) Ai(x
1, . . . , xn, u) = 0 for any i;
(3) ρ is a family of Ricci-flat Riemannian metrics.
When ∂vH = 0, then one can show that g = h ⋉ R
n, where h is the holomomy algebra of some
Riemannian metric, see [GL08]. Note also that the 1-form du is parallel and null, h(du,du) = 0,
with h(du,dv) = 1.
Although the assumptions (1)− (3) do not necessarily imply that (X, h) is Einstein or Ricci-flat,
by [G10, p. 11] it follows that that the only non-zero value of the Ricci tensor Rich is given by
Richuu = −
1
2
∆H , (4.1)
where ∆H =
∑4
i,j=1 ρ
ij(∂i∂jH −
∑4
k=1 Γ
k
ij∂kH) is the Laplace-Beltrami operator of the metric ρ
applied to H. Consequently, the Ricci tensor of (X, h) inherits the remarkable property of nullness,
in particular Rich must be totally isotropic. Recall that
Definition 4.1. A Lorentzian manifold (X, h) is called totally Ricci-isotropic if the Ricci endomor-
phism rich : TX→ TX corresponding to Rich satisfies the relation
h(rich(X), rich(Y )) = 0 ,
for any X,Y ∈ X(X).
Lorentzian manifolds admitting a parallel distribution of isotropic lines, which are totally Ricci-
isotropic, share the same holonomy algebras with Ricci-flat Lorentzian manifolds [GL08]. Moreover,
if (X, h) is a spin Lorentzian manifold admitting a parallel spinor, then h is totally Ricci isotropic
(but not necessarily Ricci-flat, as in the Riemannian case). By some abuse of notation, next we
shall refer to Walker metrics satisfying the conditions (1) − (3) by the term Ricci-isotropic Walker
metrics, referring to the property that the image of the Ricci endomorphism related to the Walker
metric is totally null.
Example 4.2. A special class of Ricci-isotropic Walker manifolds are the so-called pp-waves,
which satisfy the conditions ρ =
∑n
i=1(dx
i)2, A = 0 and ∂vH = 0. Thus, in this case ρ is a flat
metric and the ambient space X = R×Rn×R ≃ Rn+2 is endowed with a Walker metric of the form
h = 2dvdu+
∑n
i=1(dx
i)2+H(x1, . . . , xn, u)(du)2, where nowH is v-independent. In other words, pp-
waves are precisely theWalker manifolds whose holonomy algebra is commutative, g ⊂ Rn ⊂ sim(n).
Of course, pp-waves are totally Ricci-isotropic (and hence with zero scalar curvature), and by (4.1)
it follows that the Ricci-flat condition is equivalent to the condition ∆H = 0. An important example
of geodesically complete pp-waves are the Lorentzian symmetric spaces with solvable transvection
group, the so-called Cahen-Wallach spaces (due to [CW70]). In this case the function H is given
by H(x1, . . . , xn−2, u) =
∑
i,j Aijx
ixj for some constant symmetric matrix Aij. Such metrics are
indecomposable, if and only if A is non-degenerate.
Below we will show that the new bosonic supergravity backgrounds are established in terms
of some six-dimensional Ricci-isotropic Walker manifold and some five-dimensional Ricci-flat Rie-
mannian manifold, i.e.
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• M˜1,5 = R×N4 × R, endowed with the Ricci-isotropic Walker metric
g˜ = 2dvdu+ ρ+H(du)2 , (4.2)
where (N4, ρ) is a four-dimensional Ricci-flat Riemannian manifold andH = H(x1, . . . , x4, u).
• (M5, g) is a Ricci-flat Riemannian manifold (usually a product of a four-dimensional Ricci-
flat Ka¨hler manifold (P4, p, J) with R).
In particular, we analyse how such manifolds can be adapted to the fixed special flux form in-
duced by F, in order to produce (via a methodological approach) explicit solutions of the eleven-
dimensional supergravity equations of motion, which are based on our Ansatz. At this point, we
should mention the following observation: By [F13] it is known that (decomposable in our terms)
eleven-dimensional symmetric supergravity backgrounds are written as X1,10 = M˜1,d−1 ×M11−d,
where M˜1,d−1 is a d-dimensional indecomposable Lorentzian symmetric space, and M11−d is some
(11 − d)-dimensional irreducible Riemannian symmetric space (or a product of irreducible sym-
metric spaces). For this reason, and since we use non-symmetric Ricci-isotropic Walker metrics on
M˜1,5 and Ricci-flat Riemannian metrics on M5, it follows that the given supergravity backgrounds
are not symmetric.
4.2. Results related with the flux form F = α˜. Assume that the flux form F is given by (2.2),
i.e. F := α˜, for some non-trivial 4-form α˜ on M˜1,5. When α˜ is null and for the unwarped metric
(f = 1), by Proposition 2.5 and Corollary 3.6 we obtain the following
Theorem 4.3. Consider a five-dimensional Riemannian Ricci flat manifold (M5, g) and a six -
dimensional Lorentzian manifold (M˜1,5, g˜) endowed with a null 4-form α˜ satisfying dα˜ = d∗˜α˜ = 0
and
Ricg˜(X˜, Y˜ ) = −
1
2
〈iX˜ α˜, iY˜ α˜〉g˜ ,
for any X˜, Y˜ ∈ X(M˜ ). Then, the triple (X1,10 = M5 × M˜1,5, h = g + g˜, F = α˜) is an eleven-
dimensional bosonic supergravity background.
Let us describe some supergravity backgrounds related to Thereom 4.3.
Corollary 4.4. Let (M˜1,5 = R × N4 × R, g˜ = 2dvdu + ρ + H(du)2) be a six-dimensional Ricci-
isotropic Walker manifold. Let θ ∈ Ω3(N) be a closed and co-closed 3-form on N4. Then the direct
product of M˜1,5 with a five-dimensional Ricci-flat Riemannian manifold (M5, g), induces solutions
of the bosonic supergravity equations for the flux form F = α˜ := du ∧ θ, if and only if
∆H = ‖θ‖2ρ . (4.3)
Proof. Set α˜ := du ∧ θ, where θ is a 3-form on N4. Since the 1-form du is null, α˜ is a null 4-form
on M˜1,5. Moreover, α˜ satisfies the relation
∗˜α˜ = du ∧ ∗ρθ ,
where ∗ρ denotes the Hodge operator on (N
4, ρ). Consequently, assuming that θ is closed and
co-closed, we obtain the first desired condition of Theorem 4.3, i.e. dα˜ = 0 = d∗˜α˜. By Theorem
4.3 we also know that the supergravity Einstein equation is given by Ricg˜(X˜, Y˜ ) = −12〈iX˜ α˜, iY˜ α˜〉g˜,
and according to (4.1) the Ricci tensor Ricg˜(X˜, Y˜ ) is non-zero only in the direction of X˜ = ∂/∂u.
In particular, we compute
Ricg˜(X˜, X˜) = −
1
2
〈iX˜ α˜, iX˜ α˜〉g˜ = −
1
2 · 3!
g˜(iX˜ α˜, iX˜ α˜) = −
1
12
ρ(θ, θ) = −
1
2
‖θ‖2ρ ,
and hence, a comparison with (4.1) gives the presented condition, i.e. ∆H = 16ρ(θ, θ) = 〈θ, θ〉ρ =
‖θ‖2ρ. In the direction of some other vector field X(M˜ ) ∋ X˜ 6= ∂/∂u, the supergravity Einstein
DECOMPOSABLE (6, 5)-SOLUTIONS IN ELEVEN-DIMENSIONAL SUPERGRAVITY 13
equation reduces to the constraint ‖iX˜ α˜‖
2
g˜ = 0, which is satisfied since iX˜ α˜ = −du ∧ iX˜θ, i.e. iX˜ α˜
is a null form. 
Example 4.5. For an explicit example of Corollary 4.4, set N = R4. We need to specify a closed
and co-closed 3-form θ ∈ Ω3(R4) and a smooth function H satisfying (4.3). Set θ = dxi∧dxj∧dxk,
for some 1 ≤ i < j < k ≤ 4, which is closed and co-closed. Then we get solutions of (4.3) for
H = 18
(
(x1)2 + · · · + (x4)2
)
. Note that H depends on all the variables {x1, . . . x4}, thus the used
metric g˜ is indecomposable.
Remark 4.6. The list of maximally supersymmetric backgrounds of 11d-supergravity includes the
flat Minkowski space, the products AdS4 × S
7, AdS7 × S
4 and a pp-wave solution, which was
discovered by J. Kowalski-Glikman [K84] (see also [H84]). For this solution the related bosonic
fields are given by the eleven-dimensional pp-wave metric h = 2dvdu+ ρ+H(xi, u)(du)2, where H
depends on u and the local coordinates {xi : i = 1, . . . , 9} of R9, and the flux form which has the
form F = du ∧ θ, where θ is a closed and co-closed 3-form on R9, satisfying ∆H = −‖θ‖2. Thus,
in the context of bosonic supergravity backgrounds, our Corollary 4.4 provides an analogue of this
construction, expressed however in terns of more general six-dimensional Ricci-isotropic Walker
manifolds and five-dimensional Ricci-flat manifolds.
4.3. Results related with the flux form F = β˜ ∧ ν. Let us assume that the flux 4-form is given
by (2.3), i.e.
F = β˜ ∧ ν , β˜ ∈ Ω3(M˜) , ν ∈ Ω1(M) .
When β˜ is null and h is the product metric (f = 1), by Proposition 2.5 and Corollary 3.7 we result
with the following
Theorem 4.7. Let (M5, g) be a five-dimensional Riemannian Ricci flat manifold and (M˜1,5, g˜)
be a six-dimensional Lorentzian manifold. Assume that ν is a non-trivial 1-form on M5 of unit
length, ‖ν‖2g = −1, and β˜ is a non-trivial null 3-form on M˜
1,5, satisfying the following equations
dν = d ∗ ν = 0, dβ˜ = d∗˜β˜ = 0,
Ricg˜(X˜, Y˜ ) =
1
2
〈iX˜ β˜, iY˜ β˜〉g˜, ∀ X˜, Y˜ ∈ X(M˜ ).
Then the product manifold (X1,10 = M × M˜, h = g + g˜,F = β˜ ∧ ν) induces a bosonic supergravity
background.
To illustrate this statement by examples we proceed as follows.
Corollary 4.8. Let (M˜1,5 = R × N4 × R, g˜ = 2dvdu + ρ + H(du)2) be a six-dimensional Ricci-
isotropic Walker manifold, and assume that ω ∈ Ω2(N4) is a closed and co-closed 2-form on N4.
Let also (M5 = P4 × R, g) be a five-dimensional Riemannian manifold, where the factor (P4, p) is
Ricci-flat and g = −p − dt2. Then, the product (M˜1,5 ×M5, h = g˜ + g,F = β˜ ∧ ν) is a bosonic
supergravity background, with β˜ := du ∧ ω ∈ Ω3(M˜1,5) and ν := dt ∈ Ω1(M5), if and only if
∆H = −‖ω‖2ρ . (4.4)
Proof. Consider the 3-form β˜ := du ∧ ω, where ω is a 2-form on (N4, ρ). Then β˜ is a null 3-form
on M˜1,5 satisfying
∗˜(du ∧ ω) = du ∧ ∗ρω .
Consequently, if ω is closed and co-closed form on N , then the conditions given in Theorem 4.7 for
β˜ are satisfied. Now, by Theorem 4.7 and (4.1) we deduce that the supergravity Einstein equation
induces a non-trivial condition only in the direction of X˜ = ∂/∂u, which gives
Ricg˜(X˜, X˜) =
1
2
〈iX˜ β˜, iY˜ β˜〉g˜ =
1
2 · 2!
g˜(iX˜ β˜, iY˜ β˜) =
1
4
ρ(ω, ω) =
1
2
‖ω‖2ρ .
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Thus, a comparison with (4.1) induces (4.4). For some X(M˜) ∋ X˜ 6= ∂/∂u we obtain the condition
‖iX˜ β˜‖
2
g˜ = 0 and this is trivially satisfied since iX˜ β˜ = −du ∧ iX˜ω, which is null. 
Example 4.9. To construct examples of Corollary 4.8, we may assyme that N4 is a Ricci-flat
Ka¨hler manifold and identify ω with the Ka¨hler form (which is closed and co-closed). For instance,
take (N = R4, ρ, J) and let {e1, . . . , e4} be an orthonormal basis. The Ka¨hler form is given by
ω = dx1 ∧ dx2 + dx3 ∧ dx4. Then we have ω ∧ ω = 2volρ, where volρ denotes the volume element
of (N4, ρ) and because ω = ∗ρω, by the definition of the Hodge star operator we get
2 volρ = ω ∧ ω = ω ∧ ∗ρω = 〈ω, ω〉ρ volρ = ‖ω‖
2
ρ volρ .
Thus ‖ω‖2ρ = 2 and the relation (4.4) reduces to ∆H = −2, which is satisfied for H =
1
4 ((x
1)2 +
· · ·+ (x4)2), for example.
4.4. Results related with the flux form F = ˜̟ ∧ ǫ. Assume now that F is given by (2.5),
F = ˜̟ ∧ ǫ , ˜̟ ∈ Ω1(M˜) , ǫ ∈ Ω3(M) .
When f = 1 and ˜̟ is null, ‖ ˜̟ ‖2g˜ = 0, a combination of Proposition 2.5 and Corollary 3.9 yields
the following
Theorem 4.10. Let (M5, g) be a five-dimensional Riemannian Ricci flat manifold and (M˜1,5, g˜)
be a six-dimensional Lorentzian manifold. Assume that ǫ is a 3-form on M5 with constant length
‖ǫ‖2g = −2 and ̟ a null 1-form on M˜ satisfying the following conditions
d ˜̟ = d∗˜ ˜̟ = 0 , dǫ = d ∗ ǫ = 0 , (4.5)
Ricg˜(X˜, Y˜ ) = ˜̟ (X˜) · ˜̟ (Y˜ ) = ( ˜̟ ⊗ ˜̟ )(X˜, Y˜ ) , ∀ X˜ , Y˜ ∈ X(M˜ ) . (4.6)
Then the product manifold (X1,10 = M × M˜, h = g + g˜) endowed with the flux 4-form F = ˜̟ ∧ ǫ
solves the bosonic supergravity equations.
Observe that in this case the supergravity Einstein equation asserts to the Ricci tensor of the
Lorentzian manifold (X1,10 =M5 × M˜1,5, h = g + g˜) the property of totally nullness.
Corollary 4.11. The bosonic supergravity background (X1,10 = M5 × M˜1,5, h = g + g˜,F = ˜̟ ∧ ǫ)
given in Theorem 4.10, is totally Ricci isotropic.
Proof. By assumption, (M5, g) is Ricci flat and hence it is sufficient to show that the Lorentzian
manifold (M˜1,5, g˜) is totally Ricci-isotropic (see for example [G10]). The Ricci endomorphism
ricg˜ : TM˜1,5 → TM˜1,5 corresponding to g˜ is defined by g˜
(
ricg˜(X˜), Y˜
)
= Ricg˜(X˜, Y˜ ), for any
X˜ , Y˜ ∈ X(M˜ ), where as above Ricg˜ denotes the Ricci tensor. Then, by the relation (4.6) we deduce
that
g˜
(
ricg˜(X˜), Y˜
)
= ˜̟ (X˜) ˜̟ (Y˜ ) = ˜̟ (X˜)g˜( ˜̟ ♯, Y˜ ) = g˜( ˜̟ (X˜) ˜̟ ♯, Y˜ ) ,
and thus, ricg˜(X˜) = ˜̟ (X˜) ˜̟ ♯. Since the 1-form ˜̟ is by assumption null, so is ˜̟ ♯, i.e. g˜( ˜̟ ♯, ˜̟ ♯) = 0
and thus g˜
(
ricg˜(X˜), ricg˜(Y˜ )
)
= ˜̟ (X˜) ˜̟ (Y˜ )‖ ˜̟ ♯‖2g˜ = 0, which proves the claim. 
Let us now describe supergravity solutions related to Theorem 4.10.
Corollary 4.12. Let (M˜1,5 = R × N4 × R, g˜ = 2dvdu+ ρ+H(du)2) be a six-dimensional Ricci-
isotropic Walker manifold. Let also (M5 = P4 × R, g), (or M5 = P4 × S1) be a five-dimensional
Riemannian manifold, where (P4, p, ω, J) is a Ricci-flat Ka¨hler manifold and g = −p− dt2. Then,
(M˜1,5 × M5, g˜ + g) endowed with the flux form F = ˜̟ ∧ ǫ, where ˜̟ = du ∈ Ω1(M˜1,5) and
ǫ = ω ∧ dt ∈ Ω3(M5), respectively, is a bosonic supergravity background, if and only if ∆H = −2.
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Proof. Consider the Lorentzian manifold M˜1,5 = R × N × R endowed with the metric g˜ given in
(4.2), and set ˜̟ := du . Then, ˜̟ is null and parallel, and hence closed and co-closed. On the other
hand, by Theorem 4.10 the supergravity Einstein equation has the form
Ricg˜(X˜, X˜) = ˜̟ (X˜) ˜̟ (X˜)
and according to (4.1) this survives only in the direction of X˜ = ∂/∂u, for which gives Ricg˜(X,X) =
1 (for any other vector field X˜ both sides are zero). Hence, by (4.1) we finally get the constrain
∆H = −2. For the Riemannian part of the direct product X1,10 =M5×M˜1,5, according to Theorem
4.10, we need a Ricci-flat manifold (M5, g) with a closed and co-closed 3-form ǫ of constant length
−2. Consider the product M5 = P4 × R (or P4 × S1), where (P4, p, ω, J) is some Ricci-flat four-
dimensional Ka¨hler manifold and set ǫ := ω ∧ dt. Then, ∗ǫ = ∗pω and since ω is a Ka¨hler form, ǫ
is closed and co-closed. Moreover, ‖ǫ‖2g = ‖ω‖
2
p‖dt‖
2
−dt2
= −2, as required. 
Example 4.13. A explicit example satisfying Corrollary 4.12 is given by choosing N4 = R4 and
H = 14((x
1)2 + · · · + (x4)2).
4.5. Results related with the flux form F = α˜ + β˜ ∧ ν. In the remainder of this section, we
assume that F is given by (2.7),
F := α˜+ β˜ ∧ ν , α˜ ∈ Ω4(M˜) , β˜ ∈ Ω3(M˜ ) , ν ∈ Ω1(M) .
To simplify the situation in the constrains given in Proposition 2.5 we may set c = 1. Let us also
assume that f = 1. Then, by Proposition 2.5 and Corollary 3.11 we deduce the following
Theorem 4.14. Let (M5, g) be a five-dimensional Ricci-flat Riemannian manifold endowed with a
closed 1-form ν such that d∗ν = volM . Then, the product of M
5 with a six-dimensional Lorentzian
manifold (M˜1,5, g˜) satisfying the following system of equations
Ricg˜(X˜, Y˜ ) = −
1
2
〈iX˜ α˜, iY˜ α˜〉g˜ −
‖ν‖2g
2
〈iX˜ β˜, iY˜ β˜〉g˜ , (4.7)
dα˜ = dβ˜ = d∗˜β˜ = 0 , ∗˜β˜ = −d∗˜α˜ , (4.8)
〈iX˜ α˜, β˜〉g˜ = 0 , (4.9)
for some null forms α˜ ∈ Ω4(M˜1,5) and β˜ ∈ Ω3(M˜1,5) and for any X˜, Y˜ ∈ X(M˜1,5), solves the
bosonic supergravity equations for the flux form F := α˜ + β˜ ∧ ν. In particular, (M5, g) must be
non-compact.
Proof. We have ‖α˜‖2g˜ = ‖β˜‖
2
g˜ = 0 by assumption, and all the constraints are direct by Proposition
2.5 and Corollary 3.11, except the one for the non-compactness. Assume that M5 is closed. Then,
since ∗ν is a 4-form and M5 has no boundary, the claim follows by Stokes theorem,∫
M
d ∗ ν =
∫
∂M
∗ν = 0 ,
a contradiction due to the constrain which establishes the Maxwell equation, i.e. d∗ν = volM . 
Remark 4.15. Based again on Stokes theorem and regarding this time the flux-form F defined by
F = ˜̟ ∧ ǫ+ θ, one similarly deduces that the Lorentzian manifold (M˜1,5, g˜) must be non-compact
(due to the condition d∗˜ ˜̟ = c vol
M˜
, see Case (7) of Proposition 2.5). Note that Cases (3) and
(7) of Proposition 2.5 will not be further analysed in the present work, while results for Case (8)
(respectively Case(9)), are extracted by the study given in subsection 4.2 and in the last section
(respectively, in subsection 4.4).
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Let us present particular examples satisfying Theorem 4.14. The idea here occurs as a combina-
tion of the constructions discussed in Corollaries 4.4 and 4.8, respectively. At a fist step we provide
the following more general result.
Proposition 4.16. Let (M˜1,5 = R × N4 × R, g˜ = 2dvdu + ρ + H(du)2) be a six-dimensional
Ricci-isotropic Walker manifold. Set
α˜ := du ∧Ω , β˜ := du ∧ ω,
for some closed 3-form Ω ∈ Ω3(N4) and a closed 2-form ω ∈ Ω2(N4), such that
ω = ∗ρd ∗ρ Ω . (4.10)
Let also (M5, g) be a non-compact five-dimensional Ricci-flat Riemannian manifold endowed with
a closed 1-form ν ∈ Ω1(M5), such that d ∗ ν = volM . Then, the eleven-dimensional Lorentzian
manifold (X1,10 = M5 × M˜1,5, h = g + g˜) is a bosonic supergravity background with respect to the
flux form F = α˜+ β˜ ∧ ν, if and only if
∆H = ‖Ω‖2ρ + ‖ν‖
2
g · ‖ω‖
2
ρ . (4.11)
Proof. The forms α˜ = du∧Ω and β˜ = du∧ω are null forms on (M˜1,5, g˜). Moreover, α˜ (respectively
β˜) is closed, if and only if Ω (respectively ω) is closed. By the proof in Corollary 4.8 recall that
∗˜β˜ = du ∧ ∗ρω , hence the condition d∗˜β˜ = 0 of (4.8) is satisfied, if and only if
d ∗ρ ω = 0. (4.12)
The Hodge star ∗˜α˜ is the 2-form on M˜1,5 given by ∗˜α˜ = du∧∗ρΩ , with ∗ρΩ ∈ Ω
1(N4). Hence, the
second condition in (4.8), i.e. the relation ∗˜β˜ = −d∗˜α˜, takes the form
du ∧ ∗ρω = −d(du ∧ ∗ρΩ) = du ∧ d ∗ρ Ω.
In this way we prove (4.10), i.e.
∗ρω = d ∗ρ Ω ⇐⇒ ω = ∗ρd ∗ρ Ω ,
where the equivalence occurs since ∗2ρ acts as the identity on 2-forms on N
4. Thus, observe that
if (4.10) is satisfied, then also (4.12) is valid, hence β˜ is co-closed, as required. Passing to the
supergravity Einstein equation, as in the previous cases, by Theorem 4.14 and (4.1) we deduce that
this is non-zero only in the direction of X˜ = ∂/∂u. Indeed, by (4.7) we see that
Ricg˜(X˜, X˜) = −
1
12
ρ(Ω,Ω)−
‖ν‖2g
4
ρ(ω, ω) ,
and a comparison with the relation (4.4) gives
∆H =
1
6
ρ(Ω,Ω) +
‖ν‖2g
2
ρ(ω, ω) = 〈Ω,Ω〉ρ + ‖ν‖
2
g〈ω, ω〉ρ ,
which is equivalent to (4.11). For some vector field X˜ ∈ X(M˜ ) different than ∂/∂u we see that
iX˜ α˜ = −du ∧ iX˜Ω and iX˜ β˜ = −du ∧ iX˜ω, which are both null and hence the induced condition
by the supergravity Einstein equation is trivially satisfied. To complete the proof we need to show
that the relation (4.9) is also true, which easily follows. 
At a first sight, the conditions (4.10) and (4.11) may seem complicated. However, since N can
be assumed to be flat it is not so hard to construct explicit examples.
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Example 4.17. Let us illustrate this construction in terms of specific pp-waves. So, set N = R4
and let volρ = dx
1 ∧ dx2 ∧ dx3 ∧ dx4 be the volume element. For a 3-form we may use
Ω+ := x2dx2 ∧ dx3 ∧ dx4 . (4.13)
Then dΩ+ = 0 and moreover
∗ρΩ
+ = −x2dx1 =⇒ d ∗ρ Ω
+ = dx1 ∧ dx2 =⇒ ∗ρd ∗ρ Ω
+ = dx3 ∧ dx4 ,
and hence in a line with (4.10) we can set
ω+ := ∗ρd ∗ρ Ω
+ = dx3 ∧ dx4 . (4.14)
Then, dω+ = 0 and moreover d ∗ρ ω
+ = 0, hence the condition (4.12) is satisfied. In particular, we
have constructed a pair (Ω+, ω+) ∈ Ω3(N) × Ω2(N) such that the null forms α˜+ := du ∧ Ω+ and
β˜+ := du∧ω+ are solutions of the system of equations given in (4.8). Moreover, α˜+ and β˜+ satisfy
the relation (4.9) as an identity, for any X˜ ∈ X(M˜ ). For the Riemannian part we need a non-
compact Ricci-flat manifold (M5, g) admitting a closed 1-form ν ∈ Ω1cl(M) such that d ∗ ν = volM .
Consider M5 = R5 and the 1-form ν = y1dy1. Then ν is closed with ∗ν = y1dy2 ∧ dy3 ∧ dy4 ∧ dy5
and d ∗ ν = volM . One computes ‖Ω‖
2
ρ = −(x
2)2, ‖ω‖2ρ = 1 and ‖ν‖
2
g = −(y
1)2. Thus, a function
H solving (4.11) is given by H = 112
(
(x1)4 + (x2)4), and since H depends only on x1, x2, this
example produces decomposable solutions. Note that analogous results make sense also for the
pair (Ω−, ω−), where the 3-form Ω− is defined by Ω− := −x2dx2 ∧ dx3 ∧ dx4. More general, the
same approach applies for any 3-form of the type Ω = ±xidxi∧ dxj ∧ dxk , with 1 ≤ i < j < k ≤ 4.
5. Constructions from almost contact geometry
In the final section, we focus on Case (5) of Proposition 2.5, i.e. assume that the flux 4-form
depends only in the Riemmannian part and hence it is given by (2.6), i.e. F := θ, for some non-
trivial 4-form θ ∈ Ω4(M). For this choice, next we describe constructions related with well-known
structures in Riemannian geometry, e.g. almost contact structures.
First notice that for f = 1, a combination of Proposition 2.5 and Corollary 3.10 yields that
Theorem 5.1. Consider a five-dimensional Riemannian manifold (M,g) endowed with a non-
trivial 4-form θ of constant length, satisfying the following conditions
d θ = d ∗θ = 0,
Ricg(X,Y ) =
‖θ‖2g
6
g(X,Y )−
1
2
〈iXθ, iY θ〉g , ∀ X ,Y ∈ X(M) .
Then, the product manifold (X1,10 = M5 × M˜1,5, h = g + g˜) endowed with the flux 4-form F = θ,
where (M˜1,5, g˜) is a six-dimensional Lorentzian Einstein manifold with Einstein constant ‖θ‖2/6,
solves the bosonic supergravity equations.
By using the Hodge star operator ∗ : Ωp(M)→ Ω5−p(M), one can rewrite the previous result in
terms of the 1-form η := ∗θ, which turns out to be more useful for geometric applications. Recall
that X♭∧∗α = (−1)p−1 ∗ (Xyα) , for any p-form α and vector field X, where X♭ is the dual 1-form,
i.e. X♭(Y ) = g(X,Y ). For convenience, let us denote by Z the vector field corresponding to η.
Then we obtain ∗(Zy volM ) = η ∧ ∗ volM = η . Since ∗
2α = (−1)p(5−p)α for any α ∈ Ωp(M5), it
finally follows that Zy volM = ∗η = θ. Thus based on the formula LZ volM = div(Z) volM we
deduce that
Lemma 5.2. The condition d θ = d ∗θ = 0 is equivalent to say that η is a closed and co-closed
1-form, in particular the co-closedness is equivalent to say that the vector field Z is divergence free.
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Consequently, one may construct several examples of Riemannian manifolds (M5, g) admitting
a closed and co-closed 4-form F := ∗η =: θ (and hence satisfy the first two conditions of the system
of the eleven-dimensional bosonic supergravity equations). For instance, it is very easy to see that
such a class is given in terms of harmonic maps f : M5 → R and the 1-form θ = df .
Another class of Riemannian manifolds satisfying the condition dη = d ∗η = 0 for some 1-form
η arises in almost contact geometry. For such a description, we should first recall a few basic facts
(see [Bl76] for an introduction to almost contact metric structures). Let (M2n+1, g, φ, η, ξ) be an
almost contact metric manifold and let us denote by Φ(X,Y ) := g(X,φY ) the fundamental 2-form,
with ξyΦ = 0. The Nijenhuis tensor associated to the endomorphism φ : TM → TM is given by
Nφ(X,Y ) := [φ(X), φ(Y )] + φ
2([X,Y ])− φ([φ(X), Y ])− φ([X,φ(Y )]) + d η(X,Y )ξ .
(M2n+1, g, ξ, η, φ) is called normal if Nφ = 0 identically, and almost cosymplectic, or almost co-
Ka¨hler if dΦ = 0 and d η = 0. An almost cosymplectic manifold which is normal is called cosym-
plectic or co-Ka¨hler. This is equivalent to say that both η and φ are ∇g-parallel, ∇gη = ∇gφ = 0.
In this case the Reeb vector field ξ is Killing (notice that any Killing vector field is divergence free).
Finally, (M2n+1, g, ξ, η, φ) is said to be nearly cosymplectic, if (∇gXφ)(X) = 0 for any X ∈ Γ(TM).
Proposition 5.3. ([GY69, Bl76]) 1) On an almost cosymplectic manifold (M2n+1, g, ξ, η, φ) the
1-form η is closed and co-closed and the same property satisfies the fundamental 2-form Φ.
2) On a nearly cosymplectic manifold (M2n+1, g, ξ, η, φ), the Reeb vector field is Killing. If in
addition Nφ = 0, then η is closed, dη = 0. In particular, a normal nearly cosymplectic manifold is
cosymplectic.
The consequences of this proposition in our supergravity framework read as follows.
Proposition 5.4. Let (X1,10 =M5×M˜1,5, h = g× g˜) be a Lorentzian manifold given by the product
of a six-dimensional Lorentzian manifold (M˜5,1, g˜) and a five-dimensional Riemannian manifold
(M5, g, ξ, η, φ), which is (almost) cosymplectic or normal nearly cosymplectic. Then, the 4-form
F := ∗η is closed and satisfies the Maxwell equation.
Now, in terms of the 1-form η = ∗θ the supergravity Einstein equation and in particular the
conditions given in Theorem 5.1, can be rephrased as follows:
(i) The Lorentzian manifold (M˜5,1, g˜) is Einstein, Ricg˜ = 16‖η‖
2
g · g˜.
(ii) The Ricci tensor Ricg of (M5, g, η) satisfies the equation
Ricg(X,Y ) = −
1
3
g(X,Y )‖η‖2g +
1
2
η(X) · η(Y ) ,
for any X,Y ∈ X(M). To see this one may use the relation ‖θ‖2g = ‖η‖
2
g, Theorem 5.1 and [ACT19,
Lem. 2.6]. When η is of unit length, then these conditions become even simpler.
Example 5.5. Consider a 4-dimensional almost Hermitian manifold (B4, gˆ, J). Then,M5 = B4×R
endowed with the product metric g, admits an almost contact metric structure which is given by
ξ = (0, ∂∂t), η = d t and φ(X, f
∂
∂t) = JX, for some smooth function f : B
4×R→ R and vector field
X ∈ Γ(TB), where we write (X, f ∂∂t) for a vector field on M
5, see [Bl76, p. 35]. When the Ka¨hler
form ωˆ(X,Y ) = gˆ(JX, Y ) on B is closed, then the manifold (M5, g, φ, ξ, η) is clearly an almost
cosymplectic manifold. In a similar manner one can construct an almost cosymplectic structure
on the product B4 × S1. If J is integrable, then this structure is cosymplectic. Consider now an
orthonormal basis {e1, . . . , e5} of TpM at a point p ∈M
5 such that e5 := ξ. Since ξ is a vector field
of unit length, so is η, i.e. ‖η‖2g = −1. Thus, by applying (ii) we obtain Ric
g(e5, e5) =
1
6 . However,
the Ricci tensor of (M5 = B4 ×R, g, ξ, η, φ) in the direction of the Reeb vector field ξ must vanish
(see for example [Bl76, CNY13]), i.e. Ricg(e5, e5) = 0, which shows that such a manifold cannot
provide us with the desired supergravity solutions.
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This construction generalizes in any odd dimension and it turns out that the simplest examples
of almost cosymplectic manifolds M2n+1 are products of almost Ka¨hler manifolds with the real
line or S1. If (M2n+1, g, ξ, η, φ) is cosymplectic, then locally it is always a product of a Ka¨hler
manifold with the real line or the circle. But not any almost cosymplectic manifold is of this
type, even locally (for details we refer to the survey [CNY13]). For instance, due to the work of
Olszak [Ol81] are known examples of proper almost cosymplectic manifolds (Lie groups) whose
Reeb vector field ξ is not Killing and hence they are not the product of an almost Ka¨hler manifold
with R (even locally). However, running the supergravity Einstein equation on such manifolds we
again obtain incompatibility. In fact, this shows that in this case the main obstruction to bosonic
supergravity backgrounds is the supergravity Einstein equation. Thus, it remains an open problem
the construction of examples related to Theorem 5.1.
Acknowledgements: I.C. acknowledges full support via Czech Science Foundation (GACˇR no. 19-
14466Y). The authors thank G. Franchetti and A. Santi for helpful discussions related to the topic.
References
[ACT19] D. V. Alekseevksy, I. Chrysikos, A. Taghavi-Chabert, Decomposable (4, 7) solutions in 11-dimensional
supergravity, Class. Quant. Grav. 36 (7), 2019. (cited on p. 2, 4, 18)
[Bl76] D. E. Blair, Contact Manifolds in Riemannian Geometry, Lecture Notes in Math., vol. 509, Springer, 1976.
(cited on p. 18)
[Ba02] H. Baum, Conformal Killing spinors and special geometric structures in Lorentzian geometry - a survey,
arXiv:math/0202008. (cited on p. 3)
[BMN02] D. Berenstein, J. M. Maldacena, H. Nastase, Strings in flat space and pp-waves from N = 4 super Yang-
Mills, J. High Energy Phys. 0204, (2002), hep-th/0202021. (cited on p. 3)
[BDS02] A. Bilal, J.-P. Derendinger, K. Sfetsos, (Weak) G2 holonomy from self-duality, flux and supersymmetry,
Nucl. Phys. B628, 112 (2002) (arXiv:hep-th/0111274). (cited on p. 1)
[BFHP01] M. Blau, J. M. Figueroa-OFarrill, C. Hull, G. Papadopoulos, New maximally supersymmetric background
of IIB superstring theory, J. High Energy Phys. 01 (2002), pp. 047. (cited on p. 3)
[BGNV09] M. Brozos-Va´zquez, E. Garc´ıa-R´ıo, P. Gilkey, S. Nikcˇev´ıc, R. Va´zquez-Lorenzo, The geometry of Walker
manifolds, Synthesis Lectures on Mathematics and Statistics, vol. 5, Morgan & Claypool Publ., Williston, 2009.
(cited on p. 3)
[CW70] M. Cahen, N. Wallach, Lorentzian symmetric spaces, Bull. Am. Math. Soc. 76 (1970), 585–591. (cited on
p. 11)
[CNY13] B. Cappelletti-Montano, A. de Nicola, I. Yudin, A survey on cosymplectic geometry, arXiv:1305.3704v3.
(cited on p. 18, 19)
[CFS03] A. Chamseddine, J. Figueroa-O’Farrill, W. Sabra, Supergravity vacua and Lorentzian Lie groups, arXiv:hep-
th/0306278. (cited on p. 3)
[CJS78] E. Cremmer, B. Julia, J. Scherk, Supergravity theory in 11 dimensions, Phys. Lett. B76 (1978), 409–412.
(cited on p. 2)
[CLP02] M. Cveticˇ, H. Lu¨, C. N. Pope, M-theory pp-waves, Penrose limits and supernumerary supersymmetries,
Nucl. Phys. B 644, 65 (2002), hep-th/0203229. (cited on p. 3)
[DNP86] M. J. Duff, B. E. W. Nilsson, C. N. Pope, Kaluza-Klein supergravity, Phys. Rep. 130 (1986), 1–142. (cited
on p. 1)
[F00] J. Figueroa-O’Farrill, Breaking the M-waves, Class. Quant. Grav. 17, (2000), 2925–2948. (cited on p. 1, 3)
[F01] J. Figueroa-O’Farrill, Maximal supersymmetry in ten and eleven dimensions, Proceedings of the workshop
Special geometric structures in string theory, Bonn, September 2001 (arXiv:math/0109162). (cited on p. 1, 2)
[F07] J. Figueroa-O’Farrill, Lorentzian symmetric spaces in supergravity, DOI: 10.4171/051-1/11. (cited on p. 1, 2,
3)
[F13] J. Figueroa-O’Farrill, Symmetric M-theory backgrounds, J. centr.eur.j.phys. 11, (1) (2013), 1–36. (cited on p. 1,
3, 12)
[FMP05] J. Figueroa-O’Farrill, P. Meessen, S. Philip, Homogeneity and plane-wave limits, J. High Energy Phys. 05,
050, (2005), 1–41. (cited on p. 3)
[FP01] J. Figueroa-O’Farrill, G. Papadopoulos, Homogeneous fluxes, branes and a maximally supersymmetric solution
of M-theory, J. High Energy Phys. 06 (2001) 036. arXiv:hep-th/0105308. (cited on p. 3)
[FP03] J. Figueroa-O’Farrill, G. Papadopoulos, Maximally supersymmetric solutions of ten- and eleven-dimensional
supergravities, J. High. Energy Phys. JHEP03), Volume 2003. (cited on p. 1, 2)
20 IOANNIS CHRYSIKOS AND ANTON GALAEV
[G10] A. S. Galaev, Holonomy of Einstein Lorentzian manifolds, Class. Quant. Grav. 27, (2010), 075008. (cited on
p. 3, 11, 14)
[G14] A. Galaev, On the de Rham-Wu decomposition for Riemannian and Lorentzian manifolds, Class. Quant. Grav.
31 (2014), 135007 (13pp.). (cited on p. 3, 10)
[GL08] A. Galaev, T. Leistner, Holonomy groups of Lorentzian manifolds: classification, examples, and applications,
in: Recent Developments in Pseudo-Riemannian Geometry, ESI Lect. Math. Phys., EMS, (2008), 53–96. (cited
on p. 3, 10, 11)
[GH02] J. P. Gauntlett, C. M. Hull, pp-waves in 11-dimensions with extra supersymmetry, J. High Energy Phys.
0206, 013 (2002), hep-th/0203255. (cited on p. 3)
[GP08] G. W. Gibbons, C. N. Pope, Time-dependent multi-centre solutions from new metrics with holonomy Sim(n−
2), Class. Quant. Grav. 25 (2008) 125015 (21pp). (cited on p. 3, 10)
[GL14] W. Globke, T. Leistner, Locally homogeneous pp-waves, arXiv:1410.3572 (cited on p. 3, 10)
[GY69] S. I.Goldberg, K. Yano, Integrability of almost cosymplectic structures, Pacific J. Math., 32 (2), (1969),
373–382. (cited on p. 18)
[Gr91] M. B. Green, Space-time duality and Dirichlet string theory, Phys. Lett., B266, (1991), 325–336 (cited on p. 1)
[GSW12] M. B. Green, J. Schwarz, E. Witten, Superstring Theory, Volume 1: Introduction, 25th Anniversary Edition,
Cambridge University Press, 2012. (cited on p. 1)
[HM05] T. House, A. Micu, M-theory compactifications on manifolds with G2 structure, Class. Quant. Grav. 22
(2005), 1709. (cited on p. 1)
[H84] C. M. Hull, Exact pp-wave solutions of eleven-dimensional supergravity, Phys. Lett., 139B (1984), 39–41. (cited
on p. 3, 13)
[KL04] J. Kerimo, H. Lu¨, pp-waves in AdS gauged supergravities and supernumerary supersymmetry, 2004, hep-
th/0408143. (cited on p. 3)
[K84] J. Kowalski-Glikman, Vacuum states in supersymmetric Kaluza-Klein theory, Phys. Lett. B134, (1984). (cited
on p. 3, 13)
[L07] T. Leistner, On the classification of Lorentzian holonomy groups, J. Differential Geom. 76 (3) (2007), 423–484.
(cited on p. 3, 10)
[Me02] P. Meessen, A small note on pp-wave vacua in 6 and 5 dimensions, Phys. Rev. D65 (2002) 087501. (cited on
p. 1, 3)
[Mt02] R. R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys.
B625, (2002). (cited on p. 3)
[O83] B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press, United Kingdom,
1983. (cited on p. 7)
[Ol81] Z. Olszak, On almost cosymplectic manifolds, Kodai Math. J. 4 (2), (1981), 239–250. (cited on p. 19)
[PT95] G. Papadopoulos, P. K. Townsend, Compactification of D = 11 supergravity on spaces of exceptional holo-
nomy, Phys. Lett. B 357, (1995), 300–306 (arXiv:hep-th/9506150). (cited on p. 1)
[T14] Y. Tanii, Introduction to Supergravity, Springer 2014. (cited on p. 1)
[Wa50] A. G. Walker, Canonical form for a Riemannian space with a parallel field of null planes, Quart. J. Math.,
Oxford Ser. (2) 1, (1950), 69–79. (cited on p. 10)
[Wi95] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B443, (1-2), (1995). (cited on p. 1)
[Wu64] H. Wu, On the de Rham decomposition theorem, Illinois J. Math., 8 (2), (1964), 291–311. (cited on p. 10)
Faculty of Science, University of Hradec Kra´love´, Rokitanskeho 62, Hradec Kra´love´ 50003, Czech
Republic
E-mail address: ioannis.chrysikos(at)uhk.cz
Faculty of Science, University of Hradec Kra´love´, Rokitanskeho 62, Hradec Kra´love´ 50003, Czech
Republic
E-mail address: anton.galaev(at)uhk.cz
